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PREFACE 



totheiaatics is such a vast and rapidly expanding field of study that there 
are inevitably many important and fascinating aspects of the subject which, 
though within the grasp of secondary school students, do not find a place in the 
curriculum simply because of a lack of time. 

Many classes and individual students, however, may find time to pursue 
mathematical topics of special interest to them, mis series of j^phlets, 
whose production Is sponsored by the School >fethematics Study GrouR is designed 
to make material for such study readily accessible in classroom quantity. 

Some of the pamphlets deal with mateiial found in the regular curriculum 
but in a more extensive or intensive manner or from a novel point of view. 
Others deal with topics not usually found at all in the standard curriculum. 
It is hoped that these pamphlets will find use in classrooms in at least two 
ways. Some of the pamphlets produced could be used to extend the work done by 
a class with a regular textbook but others could be used profitably when teachers 
want to experiment with a treatment of a topic different from the treatment in the 
regular text of the class. In all cases, the pamphlets are designed to promote 
the enjoyment of studying mathematics. 

Prepared under the supervlt;ion of the Panel on Supplementary Publications of the 
School ffcthematics C-udy Group: 

Profesi'or R. D. Anderson, Department of Mathematics, Louisiana State 
University, Baton Rouge 3, Louisiana 

Mr. Ronald J. Clark, Chairman, St. Paul's School, Concord, New Hampshire 03301 

Dr. W. Eugene Ferguson, Newton High School, Newtonville, Massachusetts OPI60 

Mr. Thomar, J. Hill, Montclair State College, Upper Montclair, New Jersey 

Mr. Karl S. Kalman, Room 711D, Office of the Supt. of Schools, Parkway at 
.'1st, Philadelphia 36, Pennsylvania 19103 

Professor Augusta Schurrer, Department of Mathematics, State College of lova, 
tedar Falls, Iowa 

Dr. Henry W. Syer, Kent School, Kent, Connecticut 

Professor Prank L. Wolf, Garleton College, Northficld, Minnesota 55057 

Profer^or John E. Yarnelle, Department of Mathematics, Hanover College, 
Hanover, Indiana 
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FOREWORD 



Without assuming anj' previous knowledge of the subject, this 
booklet discusses the following topics from sizzle niimber theory: 
basic definition, diagrams for factors, divisibUity tests, easting 
out nines, complete factorization, greatest common factor, remainders 
in division, lowest common multiple, and sane recent results by 
Robinson and Proth. The level of the treatment will make it useful 
in both Junior and senior high schools. A separate teachers 
commentary with answers is available. 

As background the reader will need little more than the 
arithmetic of positive whole numbers • However, the range of 
difficulty in this booklet is greater than in some: the beginning 
sections are very easy and the closing sections are rather difficult 
to read. This is done intentionally so that each reader can carry 
the ideas as far as he needs to. Oar advice thus is: start at 
the beginning and read and work along as far as your interest and 
background allow you to do. You will profit from all you undertake 
and understand. 

This material was originally published as part of the Junior 
High School texts and the Supplementary Units of SMSG* 
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FACTORS AMD PRIMES 



1. Prints 

We viXl assume ti-iat you are acquainted with two important sets of numbers: 
the counting numbers and the whole numbers* 

Counting numbers; 1, 2, 3, 4, • , , 
Wliole nuflibers: 0, 1, 2, . . * 

It is also assumed that ^ou know the arithmetic of these numbers; for example, 
how to add, subtract, multiply, and divide with them* 

In this pamphlet ve arc interested in how counting numbers can be 
expressed as products of other counting numbers. For instance, 

tj ^. ? X ^ IXr'xj-^lxjxj ^1x6-6x1. 
5-: 1x5 - 5x1-5x1x1. 
Vr' • X X h X I X V X 6 r., I X X h. 

Are there other ways in which these numberi: can be expressed as products of 
counting numbers? Express the following as products of counting numbers in 
various ways: 15, l^i :0t 

In the products lliited above which are equal to 6, we see that 1, '^^ 3, 
and b divide exactly into That is, if 6 is divided by any one of these 

four numbers, the remainder is zero* Similarly, 1 and 5 are the only 
counting numbers that divide exactly into 5i while 1, 2, 3, 6, an^ 1^' 
are those which divide exactly into 1^*. Two other ways of making the same 
statement are: 

l) The number 6 is divisible by 1, and 6. 

T].! "mber 6 is a multipie of 1, ^, and 6. 

I^us, 5 is divisible by 1 axil or 5 Is a multiple of 1 and 5; also, 
12 is divisible by 1, 6, and 12, or 12 is a multlj^le of each 

of the numbers 1, 2, 3> and 12* 

On the other hand, i2 i^^ not divisible by 5 t-.ince if L Is divided 
by 5 t.he remainder is 2* For a similar reason, b is not divisible ly 
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The number 1 is in a class by itself since every counting number is a 
multiple of 1| that ia, every counting number is divisible by l. it is 
not true that every counting number is divisible by 2 (3 is not) j not every 
counting number Is divisible by 23 {2k is not); not every counting number 
is divisible by 19,6 (5 is not). 

Every counting number is a multiple of 1 as we have seen. What are 
the multiples of 2 which are greater than 2? Let us look at one way to 
answer this question sistematically • First write down the numbers, for 
instance, from 1 to 30 inclusive. The first multiple of 2 greater than 
2 Lb h; cross out the h an i every second number after that. To keep 
track, write a below each number you have crossed out. The list will then 
look like the following; 

12 J X 5 X X 9 >< 11 

li y^^ 1^ ><f^ I.- 19 ^ PI .3 

fc- £_ ^ 

We neither oroou out P nor write a 2 under it because tliat is the number 
whose multiples we are .-onBidering. The numbe.-s above which are not crossed 
out are I, . , and the numbers lees than il which are not multiples of 2, 
Our !;eoorM ;;te|, woul.l be to go through the GSffit^ table and croiii; out the 
multlf.lei-, or J whi./i: are t^reater than ), Then the table would look like 



thli 



/ K >4 ^2 



13 

''^ X A, ''9 



i 



>3 



Here we have .'rar,i;e>i out every third number betjinning with 6, but we have 
not croBJ^ed nut ,;ince that La the number whose multiplec we are finding. 
(Some or the multlpler, of j hod already been crossed out since they were 
also fflul iplei. of :'.) Except ror the numberji and none or the numbers 
remaining are muitljjles of either c' or j. 

As a class exercise, write out the numbers from 1 to 100 inclusive. 
First, cross out all multiples of 2 and j except 2 and 3 as we did 
above. The number k and all multipler, of h are already crossed out since 
any multiple of h ir, also a multiple of 2. The next number not crossed 



8 

ERIC 



out i« 5« S0| for the third step croas out every fifth number after 5 
(that is, beginaiag with 10), and write a 5 belov each number crossed out. 
P6r the fourth and fifth steps, sianilarly cross out mltiples of 7 and of 
11 which are greater than 7 or II respectively. Keep track of the 
nultiples as indicated. Did you cross out any new nuiabers when you were 
considering multiples of 11? Would we cross out any new nuj^ers if we 
considered njultiples of 12? of 13? 

From the way in which the table was constructed you see that every number 
crossed out is a nailtiple of a smaller number different from 1. These 
numbers are called com^^site numbers « 

Definition s A composite number is a counting number ^ich is divisible 
by a smaller counting nvimber different from 1. 

The table which you have constructed oy crossing out numbers is called 
the "Sieve of Eratosthenes" for the first 100 numbers!^ It is called a 
"sieve" because in it you have sifted out all the composite numbers less 
than 100. Notice that when we crossed out the multiples of 2 and 3 less 
than jl, the composite number 25 remained. However, the number 25 was 
eliminate ! when we crossed out multiples of 5 in the third step. Similarly, 
the number 49 was not crossed out in the Sieve of Eratosthenes until we 
crossed out multiples of 7- 

Except for the number 1, the numbers of the Sieve of Eratosthenes 
which arc not crossed out are callec prime numbers . 

Definition; A prime number is a counting number, other than 1, which 
is divisible only by itself and 1. 

Since it eliminates the composite numbers, the Sieve of Eratosthenes is 
a good way of finding a list of all prime numbers up to a certain point. The 
composite numbers are sifted out. The prime numbers remain. Why are the 
remaining numbers prime numbers? 

Tile number I is not included in the set of primes partly because it is 
divisible by itself only. We shall have another stronger reason for this 
later on. 



* Eratosthenes (c. 2j0 B.C.) was a friend of Archimedes and librarian 
at the University of Alexandria. He was interested in geograph^^ and 
math^natics. 
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Exercisea 1 

!• {«) List the priae numbers less than 100. 

(b) Kow list the priiae numbers less than I30 but greater than 100. 

2. (s) How fflRfly prime numbers are leas thazi 50? 

(b) How many prime nua&ers are lees than 100? 

(c) How many prime numbers are less than I3O? 

Do problems 3, k, and 5 first without using Eratosthenes' Sieve and then use 
it to check your resiate. 

3. List aU the multiples of 5 ^rfiich fere less than 61. 

k. List the set of numbers less than 50 which are multiples of ?. 

5. List the set of numbers which are less than 100 and are also multiples 
of both 3 and 5. 

6. In the table below, the numbers along the top represent values of a 
and those down the left side represent values of b. In each case if a 
is divisible by write the values of | in the a- column and b-row.~ 
If a is not divisible by b, write "no" in the a-column and b-row. 





a - 12 


Ik 


17 


18 


20 


25 


27 


b ^ 1 
















b ^. 2 
















u = 3 
















h =. k 
















b a 5 
















t 6 
















b ^ 7 

















7. iSxpress each of the following counting numbers as a product of two 
emaller counting numbers or indicate that it is impossible to do this, 
(a) 12 (e) jl (e) 8 (g) 35 (l) 39 (j,) 6 (m) 82 
(fc) iO (d) 7 if) U (h) 5 (J) hs (1) ki in) 95 
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&• (a) By vhat niTsibers 1b 214- divisible? 

(b) !Qxe nuffiber 2k is a n&altiple of what musbers? 

(c) Are tbi» two sets of muabcrs yw have foxuid in (a) and (b) the 
same? Why or why not? 

9. Vrite 12 in all possible ways as a product of count ixsg nuobers greater 
than 1. . 

10# List the pairB of prime numbers less than 100 which have a difference 
of 2. How many are these? Such pairs are called twin primes > 

11. Express each even nuniber between h and 22 as a Q\m o& two prime 
numbers. (An even number, rec%ll, is one divisible by 2«) ^k)st 
mathematicians believe that every even number greater than 2 is the 
sum of two prime numbers but no one has been able to prove it. This is 
called '^Goldbach's conjecture". 

12. Are there three numbers that might be called prime triplets? 

13. (a) Locate the nuiabers from 1 to 50 along a number line. 

(b) Underline the numerals in every second position, starting with !♦ 

(c) Circle the numerals for the prime numbers. 

(d) Did you need to circle any numeral that was not underlined? 
If CO, write all such numerals. 

lU. What is the intersection of the set of prime numbers and the set of odd 
numbero less than 30? 



2. Factors . 

The word "factor" is commonly used in mathematics. Though the term may 
be new to you, the idea is not. We know that 5 x 2 = 10. Instead of calling 
one of the numbers the multiplicand and the other one the multiplier, we give 
both of them the came name factor . Thus, 5 and 2 are factors of 10} 
6 * and 7 are factors of 42, since 6 x 7 ^2. Also, ^2 = £ x i x 7} 
so 2, 3, and 7 »re factors of k2^ 

Example Is Write 12 as a product of factors. 

12 - 1 X 12, 

or 12 = 2 X 6, 
or 12 - 3 X 1*, 



teen we "the factors" ve aean "«U the factors" of a number. For 
foaapie, the musber 6 has four factors, 1, 2, 3, and 6. The auaber 1 
and the number Itself are always factors of a number. 

SacMtple 2: Find the set of factors of 20. 

The set of factors of 20 is {l,2,l*,5,10,aO). 

The idea of factors is associated with multiplication. In mathematical 
ayabols we define factor the following ways 

Definition. If a, h, and c are whole manbers and if ac - h, then 
the number a is called a factor of b. (Under these conditions c is 
also a factor of b.) 

Using the terms of the first section, we say that 3 is a factor of 12 
because 12 is divisible by 3. In the symbols of the definition, we see 
that the number a is a factor of b if b is divisible by a. 

Ttje number 1 has only one factor, itself. Each prime number has 
exactly two factors, itself and 1. A composite number has how many factors? 

Consider the number 2k. It can be writfen as k x 6, Both 4 and 6 
are composite numbers since they can be written as products of smaller 
counting numbers: h 2 x 2 and 6-2x3. Thus 

2^4 = 2x2x2x3. 
However, 2 and 3 are prime numbers since they cannot be expressed as 
products of smaller numbers. We cannot go any further in this process. 
We therefore say that 2x2x2x3 is a complete factorization of 2h. 

Definition; If a c^untin6 number is written as a product of prime 
numbers, this product is called a complete factorization of the given number. 

^^xample 1; Find a complete factorization of 20. 

20 = 24x5^2x2x5 = 2^x5. 
Here 2+ x 5 is not a complete factorisation of 20 since k is not a 
prime number, but 2x2x5 and 2^ x 5 are complete factorizations. 
The most compact complete factorization of 20 is 2^ x 5. 
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Exumple Ss FiM a cca^lete fftctorizatlon of 72* 



Ifethod I 

72 - a X 9 

72*« (4 X 2) X (3 X 3) 

72 « (2 X 2) X 2 X (3 X 3) 

72 « (2 X 2 X 2) X (3 X 3) 



Method II 
Using contlmiing division 



Using exponents y 



72 



3 2 
2^ X 3 



2 
2 
2 
3 



36 



72 



ii 
3 



S 2 
2^ X 3 



We might have used fever steps • Notice that in both examples, the only 
factors appearing in the last products are; priJi^ numbers. Not all the 
factors of 20 and 72 (such as k) appear in the final complete 
factorization. It is convenient but not necessary to use exponents wherever 
possible. 

Itote that 2x^x2 is also a complete factorization of 20, but this 
is the same as 2X2X5 except for the order of the factors. Similarly, 
in the factorization of 72, 2x3x2 is the same as 2^ x 3 except for 
the order of the factors. In fact, a very fundamental property of the count- 
ing numbers is that there is only one way to write a complete factorisation 
of any counting number except for the order in v^ich the prime factors appear. 
ThXM property is given a special name ; 

The Unique Factorization Property of the Counting Rubbers; 

Every counting number greater than 1 can be factored into primes in 
only one way except for the order in v^ich the factors occur in the product. 

The word "unique" means that there is only one factorization except for 
order. (The question of order is another matter.) One might say that the 
aspire State Building is unique because there is no other building like it. 

Here we have another reason for excluding 1 from the set of prime 
mwibers. If we had called 1 a prime, then 5 could have been expressed as 
a product of primes in many different ways: 5 x If ^ x 1 x I, 
5 X 1 X 1 X 1, ... Here the product would not be unique except for the order 
in vhich the factors are written. 



Exercisea 2 

1 . List tbe set of factors for each of * following : 

(«) 10 (c) 9 (e) 27 (g) 11 

(b) 15 (d) 18 (f) 2h 

2. Factor the nunbers listed in as many ways as possible using only tvo 
factors each time. Because of the comamtative property, we shall 
cay that 3*5 is not different from 5 • 3 . 

{«) 10 (e) 2k 

(t) 15 (f) 16 

i^) 9 i&) 72 

(d) 100 (h) 81 

3. Write a complete factorization of: 

(a) 10 (c) 9 (e) 45 (g) 13 

(b) 15 (d) 30 (f) 50 

k. According to our definition of factor, is zero a factor of 6 
Is 6 a factor of zero? Explain your answers. 

5. (a) What factors of 20 do not appear in a complete factorization of 

20? 

(b) What factors of 7? do not appear in a cosQilete factorization of 

72? 

6. Find a complete factorization of: 

(a) 105 (f) 31+5 

(b) k2 (g) 311 

(c) 75 (h) 1000 

(d) iOO (i) 301 

(e) 61^ (J) 323 

Definition . If a whole number is divisible by two it is an even number . 
If a whole number is not divisible by two it is an odd number . 

7« Tell whether these numbers are odd or even: 

(a) X 5 (f) 3 X 2 X 6 

{b) 3+7 (e) 128 - 37 

(0)6x5x3 (h) 3 X 3 X 7 

(d) 2 + 16 (1) 3 • + 7) 

(e) 7 + (4) 5* (y + 13) 

8 
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8« Copy the foXIovii^ table for count lag zunsberji N and con^Iete It 
tbrougji H « 30. 



N 


F^ctoiTS of N 




gutn of B^CfcOTR 


I 


1 


X 


1 


2 




2 


3 


3 


1,3 


2 


4 




1,2,4 


3 


7 


5 


1,5 


2 


6 


6 


1,2,3,6 




12 


7 


1,7 


2 


8 


8 


1,2,1^,8 


if 


15 



(a) Which rmmbers represented by N in the table above have exactly 
two factors? 

(b) Which nuxabers N have exactly three factors? 

2 

(c) If N » p (vhere p Is a prime nusiber), how many factors does 
N have? 

(d) If N « pg (where p and g are different ^rinie nioabers), how 
many factors does N have? What is the svaa of its factors? 

(e) If N 2 (\&ere k is a counting number), how many factors 

does N have? 
k 

(f ) If N » 3 (where k is a counting number), how many factors 
does N have? 

(g) If Nap (\^re p is a prime number and k is a counting 
nuniber), how many factors does N have? 

(h) Which numbers have 2B for the sim of their factors? These numbers 
are called perfect m^ers# It is unkxK^wn how noiny perfect numbers 
there are or ^Aether there are aaay odd perfect numbers. 
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3. PlasraM for g^gtors 

BMlcallor, ve c«n represent a product by the di«gr«m 

2 3 6 
o- »o 

i*«re the 3 associsted with the line is the usultipUer, which "takes 2 
into- 6", The arrow indicates the direction in which the inultiplicatlon goes. 
Similarly 

2 3 6 4 24 

o » o >o 

represents the product (2 X 3) x 1+. 

Then the three different complete factorizations of 18 could be 
represented by the following diagran. Notice that all the factors of I8 
also appear in the diagram. 



I 




In making a diagram you rsay wish first to make a list of all the factors 
of the number and to arrange them from the smallest to the largest. For 12 
this would be 1, 2, 3, ^, 6, 12. Then start with 1 and continue to build 
a chain so that the second number is divisible by the preceding number, and 
so on. Thus, one chain would consist of 1, 2, and 12| another chain 
would consist of i, 3, 6, and 12; and the last chain would be 
1, 2, 6, and 12. In each of these chains, taking any pair, the second is 
divisible by the first and there is no factor between them*. We could not go 
frcsa I to 4 since there is the factor 2 between 1 and k, Semeaiber 
that one of the rules of the game is that there may be no other factor 
between successive numbers. 
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Sooe of you nay be interested in pursuing the investigation of these 
4L»Kraiiis s little further. The following exanqjles are included for this 
purpoce. 
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Exerclgeg ^ 

b repreaeat two different priae maabers, Cocplete ea-Ji 
of the foUovlag sketches. 




2. We have found that 6 and 10 bad patterns like the one in Problem la* 
Name three other nuiabers that we have not sketched which have the same 
pattero. 

3. Notice that k and 9 have the same pattern as Problem lb. 

Same three others irtxich ve have not sketched that have the same.pattemt 

k. A number like 12 or l8 has the saoie patitem as Problem Ic. 
Find three other numbers which have this pattern. 

5. Find three numb^js which have patterns like Problem Id. 

6. Find patterns which have not been represented so far in the section. 
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DlYlBlbillty ^ i and g 

To find the factors of a zxusiber^ ve can aliotya guess and try, but it is 
aaidb easier If ve can tell from looking at a muober i^ether or not it has a 
given factor. Fxtm the Sieve of Eratosthenes it is clear that a nmaber 
written in the deeiiaal system is even if the last digit is even. As far as 
the sieve we have c«istructed goes^ this is true. Thxus: 

A counting nuaiber written in the deoiioal systeo is even if its last 
digit is one of 0, 2, k, 6j 8 m If its last digit is not one of these, 
it is odd. 

Suppose we see why this is so. To do this, reaember how we found the 
BBxLtiples of 2 when we began to construct the Sieve of Eratosthenes. We 
started with the nuxnber and added 2 again and again. The last digits 
repeated in the pattern: 2, U,6, 8, 0,2,^,6,8,0, ... This would continue no 
matter how far we extended the table. This shows that the even numbers are 
those whose last digit is one of the five niimbers: 2, h, 6, 8, 0. 

In Problem k below ycm are asked to start with ^ and add ^ again 
and again to show the following: 

it counting nuiaber expressed in the deciiaal system is divisible by ^ 
if its last digit i£ 0 or Otherwise it is mt divisible b^ 2* 

Vhat about divisibility by 3? Can we tell by looking at the last digit? 
The first ten multiples of 3 are 

0, 3, 6, 9, 12, 15, 18, 21, 2k, 21. 

Each of the possible last digits, 0, 1, 2, 3, ^, 5, 6, 7, 8, and 9, 
appears in this list. On the other hand, none of the following are divisible 
by 3 even though each of the possible last digits appears here also: 

4, 7, 10, 13, 16, 19, 22, 25, 28, 31- 

We can see, then, that we cannot tell whether a muaber is divisible by 3 
by looking at the last digit* 

But suppose we add the digits of the mLtlples ctf 3* For 12 we have 
X 4^ 2 » 3; for 15 we have 1 + 5 » 6; for l8 we have 1 8 « 9. 3y 
this means we can form the follovthg table: 
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7 r 



Multiple of 3 


0 


3 6 9 


12 


15 


18 


21 


21* 


27 


30 


33 


36 


Sum of digits 


0 


369 


3 


6 


9 


3 


6 


9 


3 


6 


9 


Multiple of 3 


39 




k6 


51 




57 


60 


63 


66 


69 


72 


iium of digits 


12 


6 9 


IS 


6 


9 


12 


6 


9 


12 


15 


9 



Can you make any Etatement that seems to be true about the sum of the digits 
for all multiples of 3? You will see that in each case the sum of the digits 
in dlvieible by 3. Purthermore, if you add the digits of any number that is 
not divisible by 3 (take 25 where the sum of the digits is 1), the sum 
of the digits ie not divisible by 3. Can you see why this will be true for 
all numbers? See Problem 3 in the next set. 

You may notice t^iat every third sum of digits in the table above is 
divisible by 9 and every third multiple of 3 is divisible by 9. Hence, 
we liave the following test for divisibility by 9: 

A number ie divisible by ^ if the sum of its digits is divisible 

5Z 9. otherwise , lt_ is not divisible by 9, 



5. Oastlnt; Out the Nines 



You now know a very simple and interesting way to tell whether a number 
is divisible by \j. It is based on the fact that a number is divisible by 
9 if the sum of its digits is divisible by 9j also, the sum of the digits 
of a number is divisible by 9 if the number is divisible by 9. For 
instance, consider the number I56782. The sum of its digits is 
1+5+6+7 +tt+2 which is 29. But 29 ie not divisible by 9 and, 
hence, the number 1567H;' is not divisible by 9. If the second digit had 
been 2 lees, the number vould have been divisible by 9 since the sum 
of the digits voxild have been 27, which is divisible by 9. The test is a 
good one because it is easier to add the digits than to divide by 9. Actually 
we could have been lazy and , instead of dividing ?9 by 9, use the fact 
again, add 2 and 9 to get 11, add the 1 and 1 to get 2 and see 
that since 2 is not divisible by 9, then the original six-digit nuofiser 
ia not divisible by 9. 
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Why i« this true? tfr^rely dlvidlag the given nxunber by 9 would have 
tMted the result , but from what we would have no idea why It would hold for 
any other nuober. We can show what is happening by writing out the number 
156,782 in the decimal notation: 

I X 10^ + 5 X 10^ + 6 X 10^ + 7 X 10^ + 8 X 10 + 2 - 

1 X (99999+1) + 5 X (9999-»-l) + 6 x (999 + 1) + 7 x (99+1) + 8 x (9+1) + 2. 

Kov^by the dlctrtbutive property, 5 X {^99 + 1) - (5 x 9999) (5 x 1) »nd, 
similarly ^or the other erpressions. Also^ve ssBy rearrange the numbers in 
the sum since addition is commutative and assoclativea So, our number 1^,782 
my be written 

1 X (99999) ^ 5 X (9999) + 6 x (999) + 7 x (99) +8x9+ (1 + 5 + 6+ 7 + 8 +?). 

Sov 99999, 9999, 999, 99, 9 are all divisible by 9i the products 
involving these numbers are divisible by 9j And the sum of these products is 
divisible by 9. Hence, the original number will be divisible by 9 if 
(1 + 5 + 6 + 7 + 8 + 2) is divisible by 9* This sum is the sum of the digits 
of the given number. Writing it out this vay shows that no matter what the 
given number Is, the same principle holds. 



Exercises ^ 

1, (a) Test each of the nunflbers, 2268U3, 679^5, 427536, and ^565^ 
by the above method for divisibility by 9. 

(b) For any numbers in part (a) that are not divisible by 9, con^mre 
the remainders ^en the nuniber is divided by 9 vhen the sum 
of the digits is divided by 9» 

(c) Prom part (b) try to formulate a general fact that you suspect is 
true. Test this statement with a few more exa2?)lesa 



Of 



S. CSxKMie two moabers. Firit, add thea, divide by ^ »nd take the 

renalnder, &cond, divide each nuaiber by 9 and find the sum of the 
renaiudersj divide the sum by 9 and take the renaiader. "Bib final 
reminders in the two cases are the same. For instance, let the nwnberB 
be 69 and 79. First, their sum is IkQ, and the reminder vhen lk8 
is divided by 9 is 4. Second, the remainder when 69 is divided by 
9 is 6, and when 79 is divided by 9 is 7j the sum of 6 and 7 
is 13, and if I3 is divided by 9, the renaiader is k. The result 
is k in both cases. VSjy are the two resiilts the same no mtter vhat 
numbers are used instead of 69 and 79^ Would a similar result hold 
for a sum of three numbers? (Hint: write 69 as 7x9 + 6,) 

3. If in the previous exercise we divided by 7 instead of 9,' wuld the 
reminders by the two methods for division by 7 be the same? Why or 
why not? 

k. Suppose in Exercise 2 we considered the product of two numbers instead 
of their sum. Vfould the corresponding result hold? That is, would the 
remainder when -the product of 69 and 79 is divided by 9 be the 
as when the product of their remainders is divided by 9? Would this be 
true in general? Could they be divided by 23 instead of 9 to give a 
similar result? Could similar stateasnts be made about products of more 
than two mmbers? 

^ 5. Use the result of the previous exercise to show that 10^° has a 

remainder of 1 when divided by 9. What would its remainder be when 
it is divided by 3? by 99? 

♦ 6, What is the remainder when 7^^ is divided by 6? 

» 7. you Iu»w that when a number is written in the decimal mtatlon, it is 
diviaible by 2 if its last digit is divisible by 2, and divisible 
by 5 if its last digit is 0 or 5. Can you devise a similar test 
for divisibility by k, 8, or 25? 

* 8. In the following statement, fill in both blanks with the same number so 

that the statement is true, 

A number written in the system to the base 12 la divisible by 



If its laat digit is divisible by . If there is more than one 

answer, give the others, too. If the base were 7 Instead of 12, 
how could the blanks be filled In? (Hints One answer for base 12 
is 6.) 



^ means these exercises are more diffictat. 
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41 9. Ont could have soaething like "deciml'* equivalents of nuxabers in 
nuseratiOQ syste&s to bases other than io« For instance. In the 
Qusoeratlon system to the baae 7^ the septlaal equivalent of 

1 IP 

5(-) + 6(:^) yoxxLd be written .56^ just as the decimal equivalent of 
1 12 

5(^0^ + ^^10^ wD\ad be written -^^^g decimal system. The 

nuinber .1^^285711*2857 is equal to j in the decimal system^ and in 

the f ystea to the base 7 would be written <1^# On the other hand, 

♦Ij^Q = (#0^2(A62 What numbers would have terminating septimals 

in the numeration system to the base 7? What would the septimal equiva- 
lent of i be in the system to the base 7? (Hint; Remember that if 
the only prime factors of a number are 2 and 5, the decimal equivalent 
of its reciprocal terminates.) 

#10. Use the result of Exercise 3 to find the remainder ^^n 

9 4- 16 + 23 + 30 + 37 is divided by 7* Check your result by computing 
the sum and dividing by 7* 

20 

#11 # Use the results of the previous exercises to show that 10 - 1 is 

108 

divisible by 9; 7 - 1 is divisible by 6. 

*12. Using the results of Bome of the previous exercises if you wish, shorten 
the method of shoving that a number is divisible by 9 if the sum of its 
digits is divisible by 9. 

#13* Show why the remainder vben tne sira of the digits of a number is divided 
by 9 is the same as the remainder when the nuinber is divided by 9» 



Why Does Casting Out the Nii^s Work ? 

First, let us review some of the Important results shown in the exercises 
wnich you did in Section 5» la Problem 2, you showed that to get the remainder 
of the sum of two numbers, after division by 9, you can divide the sum of 
their remainders by 9 and find its rooainder* Perhaps you did it this way 
(there is more than one way to do It j yours may have been better). You know, 
in th^^ first plac^ that Bny natviral number may be divided by 9 to get a 
quotient and remainder* For instance, if the number is 725i the quotient 
is 80 and the remainder is 5. Furthermore, 725 (Bo x 9) ^ and you 
could see from the way this is written that 5 is the remainder. 

17 
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Thu», uaing the nuaibera in the exercise, you Mould, vrite 69 - 7x9 + 6 atid 
79 - S X 9 + 7. Then 69 + 79 - (7 X 9) + 6 + (8 x 9) + 7. Since the sum 
of tv« munbera is coawttative and M«oci«tlve, you aay reorder the tenas ftnd 
h»ve 69 + 79 * (7 X 9) + (S X 9) + 6 7. Then, by the distributive property, 
69 ♦ 79 = 1(7 + 8) X 9] + 6 + 7. Now, the reminder when 6 + 7 is divided 
by 9 is ^, and 6+7 can be written (1X9) + Tiaia, 
69 + 79 - [(7 + 8 + 1) X 9l + ^. So, from the form it is written in, we see 
that k is the remainder vhtn the sian is divided by 9. It is alao the 
remainder when the sua of the remainders, 6 + 7, is divided by 9, 

V^iting it out in this faciiion is more work than mailing the computationa 
the short way but it does show vhht is going on and why similar results wwild 
hold if 69 and 79 were replaced by any other nuaibers, and, in fact, we 
could replace 9 by any other nujnber as well, toe to do this is to use 
letters in place of the nuaibers. This has two advantages. In the first 
place it helps us be sure that we did not make use of the special properties 
of the nusnbers we had without meaning to do so. Secondly, we can, after 
doing it for letters, see that we nay replace the letters by any nuiabers. So, 
in place of 69 we write the letter a, and in place of 79, the letter b« 
When we divide the nua&er a by 9 we woxad have a quotient and a remainder. 
We can call the quotient q and the remainder r. Then we have 

8 =u (q X 9) + r 

where r is some whole number less than 9. We could do the same for the 
number b, but we chould not let q be the quotient, since it might be 
different from the quotient when a is divided by 9. We here could call 
the quotient q» and the remainder r'. Then we would have 

b = (q» X 9) + r». 
Then the cum of a and b will be 

a + b = (q X 9) + r + (q» X 9) + r«. 
We can use the commutative and associative properties of addition to have 

a + b = (q X 9) + (q» X 9) + r + r» 
and the distributive property to have 

a + b [(q + q*) X 9] + r + r«. 
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3h«B^lf r 4- r» wre divided 9| w i^ould hav^ a q^tient yhLch we might 
call q** and a reaainder r**. Then r + « (q" x 9) + r" and 

a + b . [{q + q«) X 9J + (q^' X 9) + 
- [(q + qt + q*n X 9l + r". 

Nov, r*' is a whole nmaber less than 9 and, hence, it is not only the remainder 
when r + r* is divided by 9 but also the remainder when a + b ia divided 
by 9* So, aa far ajs the remainder goes, it does not matter whether you add 
the nusber^ or add the rasmindera and divide by 9« 

The solution of Problem k goes the sasse way as that for Problem 2 except 
that wie jsultiply the nuiobera. Then ve would have 

69 X 79 « (7 X 9 + 6) X (8 X 9 + 7) 

« [(7 X 9) X (8 X 9 + 7)1 ^ 6 X (8 X 9 + 7) 

« (7 X 9 X 8 X 9) + (7 X 9 X 7) + (6 X 8 X 9) + (6 X 7). 

The first three products are divisible by 9 ^d by what we showed in 
, Problem 2 J the remainder when 69 X 79 is divided by 9 is the same as the 
remainder when 0 + 0 + 0 + 6x7 is divided by 9, So, in finding the 
remainder when a pjx^duct is divided by 9, it makes no difference whether we 
use the product or the product of the remainders. 

If we were to write this out in letters as we did the sum, it would 
look like this: 

axb^(qx9+r)x(q«x9 + r«) 

- (q X 9 X q» X 9) + (q X 9 X r») + (r X q* X 9) + (r X r«)* 

Again, each of the first three products is divisible by 9 and hence the 
remainder when a x b is divided by 9 is the same as when r x r* is 
divided by 9* 

We used the number 9 all the way above, but the same conclusions would 
follow Just as easily for any niimbor in place of 9, such as 1, 23, etc. 
We could have used a letter for 9 alsc^ but this seems like carrying the 
generalization too far. 

There is a shorter way of writing some of the things we had above« When 
letterc are used, we usually omit the multiplication sign and write ab in- 
stead of a X b and 9q in place of 9 x q* Hence, the last equation above 
wtild be abbreviated to 

ab ^ qq*9 x 9 + qr*9 + rq^9 + rr* 

or 

ab 9 X 9qq« + 9qr» + 9rti^ + rr', 
10 



But thli !■ aot especially iaportmot right nov. 

So, let MM msapMrise our restate so f«ri Hie reminder vhea the sua of 
tw Quabers is divided 9 (or sny other nua&aer} is the saae ms the 
reasinder when the sua of the r«asinders is divided by 9 (or soae other 
maiber). The caae procedure holds for the product in place of the sum. 

These facts say be used to give qpUte a short proof of the ingjortant 
result stated in Problea I3 of Exercises 5. Coneider again the nwnber 
156,7tte. This is written in the usual toxa: 

(1 X 10^) + (5 X 10**) + (6 X lO^) + (7 X 10^) + (8 X 10) 2. 

Bov^fron the result stated above for the product, the raaainder ^Aen 10^ 
is divided by 9 is the sane as vdien the proAict of the t^minders 1 X 1 is 
divided by 9, that is, the reaainder is 1. Similarly, 10^ has a reaainder 
1 X 1 X 1 when divided by 9 and, hence, 1. So, all the powers of lo have a 
reaainder 1 v^ien divided by 9, Tims, by the resiat stated above for the 
sum, the reaainder when 156,782 is divided by " 9 is the saae as the 
reaainder wtien (1 X l) + (5 x l) + (6 x l) + (7 X l) + (8 x 1) + 2 is divided 
by 9. This last is just the sua of the digits, Wi>iting it this way it is 
easy to see that this works for any nuinber. 

Mow we can use the result of Problea I3 of Exercises 5 to describe a 
check called "casting out the nines" which is not used auch in these days of 
computing machines, but which is still interesting. Consider the product 
867 X 93U. We indicate the following calciaatlons: 

867 sum of digits; 21 sua of digits; 3 

93^ eiaa of digits; 16 sum of digits; 7 

Product; 809,778 Product: 3 x 7 = 21 

Sum of digits: 8 + 0+ 9 + 7 + 7 + 8«:39 
Sum of digits; 3 + 9 = 12 

Sum of digits; 1+2=3 Sum of digits; 2+1-3. 

Since the two results, 3, are the same, we have at least eoae check on the 
accuracy of the results. 
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Exercises 6 

1^ Try the method of checlcing for mMther product. Vfauld It also wrk for 
a Qusi? If 80^ try it also. 

2. Explain this should cojae out as it does. 

3. If a computation checks this way, show that it still could he wrong. 
Ihat is I in the exMEsple given ahove, find an incorrect product that would 
still check • 

Given the number (5* 7^) * (3-7^) + (2-7^) + (1 • 7^) • 7) + 3 • 
What is its reminder when it is divided by 7? What is its reiaainder 
when it is divided hy 6? by 3? 

5. Can you find aA>' short-cuts in the example above analogous to casting out 
the nines? 

6. In a numeration system to the base 7, casting out what number would give 
a result corresponding to that in th<f decimal system when nines are cast 
out? 

7. The following is a trick based on casting out the nines. Can you see how 
it works? You ask someone to pick a number — it might be I678. Then 
you ask him to form another number from the same digits in a different 
order he migiit take 6187. Then you ask him to subtract the smaller 
from the larger and give you the sum of all but one of the digits in the 
residt. (He would have U509 and might add the last three to give you 
Ik.) All of this would be done without your seeing any of the figuring. 
Then you would tell him that the other digit in the result is h. Does 
this trick always work? 



toe method of shortening the computation for a test by casting out the 
nines is to discard any partial sums which are 9 or a multiple of 9» 
For instance, if a product were 8lO,6U5, we would not need to add all the 
digits* We could notice that 8 + 1^9 and l* + 5- 9 and hence the 
remainder when the sum of the digits is divided by 9 ^uld be 0-^6, 
which is 6. Are there other places in the check where work could have been 
shortened? We thus, in a way, throw away the nines. It was from this that 
the n m^ casting out the nines" came. 

By Just the same principle, in a numeration system to the base 7 one 
woiad cast out the sixes, to the base l^ cast out the elevens, etc. 

PI 
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?• Diviftlbillty U ' 

Q»re i« m test for divisibility by 11 vhich is not quite so slagjle «s 
thst for divisibility by 9 but is quite easy to apply. In fact, there are 
tMO tests • We shall start you on one and let you discover the other for 
yourself. Suppo&e ve wish to test the number 179k3 for divisibility by 11^ 
Then we can write it as lefore 

(1 • 10^) + (7 • 10^) + (9 • 10^) + (k -10^) + 5. 

Oie peaalnders when 10^ and lo'^ are divided by 11 are 1, But the 
reoainders when 10, 10^ and 10^ are divided by U are 10. Nov 10 is 
equal to 11 -1. 10^^ 10^ (11 • 1), icP « 10^ (11 . 1). oiiat is enough. 
Perhaps we have told you too naxch already. It is your turn to carry the ball. 



Exercises 7a 

1, Without considering IC to be 11 - 1, can you from the above devise 
a test for divisibility by 11? 

2. Noticing that 10 « 11 - 1 and so forth as above, can . a devise another 
test for divisibility by 11? 



We hope you were able to devise the two tests suggested in the previous 
exercises. For the first, we could group the digits and write the auaiber 
179^5 as (1 X 10^) + (79 X 10^) + Hence the remainder when the nuoiber 
179^5 is divided by 11 should be the same as the reminder when 1 + 79+1^5 
is divided by 11, that is, 1 ^ 2 i- 1 ^ k. (2 is the remainder \Aen 79 
is divided by 11, etc.) Thio method would bold for any nuiflber. 

Ihe second method requires a little knowledge of negative numbers (either 
review them or, if you have not had them, omit this paragraph). We could 
consider -1 as the remainder v^en 10 is divided by 11, since 
10 1(11) + (-1), where q - 1 and r -1. Then the original number 
would have the same remainder hb the remainder when 
1 + C7(-l)^1 + 9 ^ [^(-1)] ^ ^ is divided by 11, that is, when 
5? - ^ + 9 - 7 ^ 1 is divided by 11. This last sum is equal to k, ^ich was 
idiat we got the other ^my. By this test we start at the right and alternately 
add and subtract digits • This is simpler than the other one. 




Exercises 7b 

1. Test eevenl tsaaberu for divisibility by 11 uslxig the tvo saetboda 
described above. Where the nui&ers an not divisible^ fiod the 
ressftlnders by the method given. 

2, In a mifflber system to the base 1, what number could we test for 
divisibility in the same way that ve tested for 11 in the decimal 
system? Would both methods given above work for base 7 as well? 

3« To test for divisibility by 11, we grouped the digits in pairs. What 
number or numbers could we test for divisibility by gmxping the digits 
in triples? For example, we might consider the number 157892. We 
could form the sum of 157 and 892, For what numbers would the 
remainders be the same? 

Answer the questions raised in Problem 3 in a numeral system to base 7, 
as veil as in numeral system to base 12. 

5, In the repeating decimal for ^ in the decimal system, there is one digit 

in the repeating portion; in the repeating decimal for in the decimal 

system, there are two digits in the repeating jKjrtion. Is there any 
connection between these facts and the tests for divisibility for 9 
and 11? What would be the connection between repeating decimals and 
the questions raised in Problem 3 above? 

6m Could one have a check in which ll*s were "cast out"? 

7. Can you find a trick for II similar to that in Problem 1 above? 



3. Divisibility 7 

There is not a very good test for divisibility by 7 in the decimal 
system. (In a numeration system to what base would there be a good test?) 
But it is worth looking into since we can see the connection between tests 
for divisibility and the repeating decimals # Consider the remainders when 
the powerc of 10 are divided by 7. We put them in a little table: 



n 


1 


2 


'i 


k 


5 


6 


7 


Reaainder when lo" 
is divided by 7 


3 


2 


6 


k 


5 


1 


i 



;'3 




If you compute the iecimX equivmleat for i, you vill see that the 
rtiMtnilurs are exactly the movers in the aecond line of the table in the 
order given* «iy is this so? This means that if we wanted to find the 
reaaiader when T98U532 is divided ty 7 we would write 

(7 X 10^) + (9 X icp) + (8 X 10^) ^ ikx lo3) + (5 X 10^) (3 X 10) + 2 
and replace the various powers of 10 hy their reaainders in the table to get 

(7 X 1) + (9 X 5) + (8 X U) + (1^ X 6) + {5 X 2) + (3 X 3) + 2. 
We WEJuld have to compute this, divide by 7, and find the reminder. That 
would be as much work as dividing by 7 in the first place. So this is not 
a practical test, cut it does show the relationship between the repeating 
decimal and the test. 

Sotice,that the sixth power of 10 has a remainder of 1 v^ien it is 
divided by 7. If instead of 7 some other number is taken which has neither 
2 nor 5 as a factor, 1 will be the remainder when some power of 10 is 
divided by that nuuftier. For instance, there is same power of 10 which has 
the remainder of 1 vhen it is divided by 23. This is very closely connected 
with the fact that the remainders nmst, frm a certain point on, repeat. 
Another way of expressing this result is that one can form a nuaiber congjletely 
of 9*s like 99999999, ^ich is divisible by 23. 



Exercises 8 • 

Complete the following table. In doing this, notice that it is not 
necessaiy to divide 10^° by 17 to get the remainder ^en it is divided by 
17. We can coatpute each entry from the one above like this; 10 is the 
r«nainder when 10 is divided by 17j this is the first entry. Then 
divide 10 , that is, 100 by 17, and see that the remainder is 15. But 
we do not need to divide 1000 by 17. We merely notice that 1000 is 
100 X 10 and hence the remainder when 1000 is divided by 17 is the same i 
the remainder when 15 x 10, or 150, is divided by 17. This remainder 
is Ik. To find the remainder when 10^ is divided by 17, notice that 10^ 
is equal to 10^ x 10 and hence the remainder when divided by 17 is the 
same as when Ik x 10 is divided by 17, that 1% k. The table then gives 
the remainders when the powers of 10 are divided by varioiis niuabers , 



2k 

3 c 





3 


7 


9 


U 


13 


17 


19 


21 


37 


IQl 


41 


X 


1 


1 


1 






1 












10^ 


1 


3 


1 






10 












10^ 


1 


2 


1 






15 














1 


6 


1 






Ik 














1 


1^ 


1 
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1 


5 


1 
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1 


1 
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1 




1 






5 














1 




1 






16 












10^ 


1 




1 






7 












10^° 


1 




1 






2 












10^^ 


I 


- 


1 
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1 




1 






13 












10^3 


1 




1 






11 












10^^ 


1 




1 






8 












10^5 


1 




1 






12 












10^^ 


1 




1 






1 













Find idiat relationships you can "between the nufflbei- of digits in the repeatlnfi 

decimals for i, |, etc., and the pattern of the remainders. 

Why does the table show that there will he five digits in the repeating 
portion of the deciinal for ^? Will there he some other fraction j irfiich 
will have a repeating decimal with five digits in the repeating portion? 
How would you find a fraction j would have six digits in the repeating 

portion? 

If you wish to explore these things further and find that you need help, 
you might begin to read sosne book on the theoxy of numbers. Also, there is 
quite a little material on teats for divisibility in "Mathematical Excursions" 
by Helen Abbott Merrill, Dover (1^9). 




9- CSoKplete iketoriMtion 

aippose we apply >*iat we have learned about dlvlBibility to a few 
exanpleg; 

^^P^P i « complete factorization of 232. Since the given 

amber ha» 2 m its last digit, it is even and has 2 as a factor. So, 
232 « 2 X 116. Then ll6 bas 2 aa a factor and ve have 232 - 2^ x 58. 
Then we have 232 - 2^ x 29. Ve can see that 29 is a prime number by looking 
at our table of the Sieve of Eratosthenes or by trying the prime factors: 
2,3,5,7,U,i3, 17,19,23 less than 29. Some of you may be able to see vby it 
ia necessary only to try 2, 3, and 5. 

A tabular way of finding the complete factorization is the following: 

232 116 58 29 

2 2 2 29 

vhere 2 is the first factor and II6 is the quotient j then 2 is a ' 
factor of U6 and 58 is the quotient, etc. A complete factorization, thei^ 
ii on the second line, 

a«£2le 2 Find a complete factorization of 573. Here the last digit 
is odd and hence 2 is not a factor. But the sum of the digits is I5, which 
is divisible by 3. Hence, 3 is a factor of 573 and, dividing, we have 
573 - 3 X 191. By our tests 2, 3, and 5 are not factors of 191. Trial 
shows that 7, 11, and 13 are not factors and,henc^ I9I is a prime number. 
Why is it not necessary to try any primes larger tnan 13? Therefore, 
573 « 3 X 191 is the complete factorization, 

aSSgie 1 Find a complete factorization of 539. Our tests show that 
Mne of 2, 3, and 5 are factors. If we try 7, .ve see that 539 = 7 X 77 . 
7^ X 11, which iB a complete factorization. 

It is important to notice that the tests for divisibility depend on the 
nujaber being written in the decimal system. For instance, the number 21 in 
the decimal system is written 30^^^^ in the system bane seven. I'his 

^^seven' ^P^^^ °^ ^^'^t, last digit is 

zero. However, since 30^^^^^ means (3 x seven) + 0, the fact that the 
laat digit is zero tells us that the number is divisible by seven. 
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If ft miiaber Is written to the taae eeven it Is vexy emsy to tell vfaether or 
not it is divisible by seven; one merely looks to see if the last digit is 
serOft 

The property of one number being a factor of another does not depend on 
the vay it is written; for instance, seven is always a factor of twenty-one^ 
no matter how it is written. But the tests for divisibility which we have 
given here depend on the system of numeration in which the number is written. 



Exercises 2 

1. Find the smallest prime Tactor of each of the following. 

(a) 115 (b) 135 (c) 321 (d) kSk (e) 539 (f) 121 

2. Find a complete factorization of each of the following. 

(a) 39 (c) 81 (e) I80 (g) 378 {i) 576 (k) IO98 
{b) 60 (d) 98 (f) 258 (h) 432 (J) 729 (1) 232U 

3. Notice the list of multiples of 3. In going frtsa 9 to 12, the units 
digit decreases from 9 to 2, and the tens digit increases from 0 to 
1; hence, the sum of the digits decreases by 7*1, nr a net decreasf^ 
of 6. Similarly, in going from 18 to 21, the first digit increaset 
by 1, and the second decreases by 7. Is th.'.s always true when the 
tens digit increases by 1? What happens when one goes from 99 to 102, 
from 999 to 1002, etc? Can you see from tnis, that alw^s for a 
multiple of 3^ it is true that the sum of its digits is a multiple of 

3? 

Show that the test given for divisibility by 5 always works. 

5. liist the multiples of 9 and see if you can show from thi.^ the test for 
divisibility by 9. 

6. Can you give a test for divisibility of 6 in the decimal system? 

7 • Can you give a test for divisibility by 15 in the decimal system'i 

8« Which of the following numbers ax^ divisible by 2? 

(a) llll._ (b) 1111 (c) nil , (d) 111 

ten seven ^ ^ six three 

9. Suppose a number Is written in the system to the base 7. Is it 
divisible by ten if its last digit is 0? Is it divisible by 3 if 
the sum of its digits is divisible by 3? 



#10. Amwtbe above q^eaUou for • .yst^i of xnaaeimtion to the b««e twlw. 
»U. Find » te.t for divlsibUlty by 6 in « gy.tem of nuaeimtion to the base 



sev«n 



#12. Give a test for divisibility by 4 ia the deciaH eystem. 



10. Qreateat Coanoa Factor 

OoMider the nunibers 10 and 12. We aee th«t both 10 and 12 are 
even auibers. They are both divisible by 2, or w nay say that 10 and 12 
are aatiplcB of 2. Because 2 ia a factor of 10 and is also a factor of 
12, we say that 2 is a "eoonon factor" of 10 and 12. 

All whole nuinbers are aaatiples of 1. Thua^ 1 is a comon factor of 
the aefflbers of any set of whole nuaibers. Therefore, when we are looking for 
connon factors, we generally look for nuinbers other than 1. 

What factor other than 1 is consaon to both 12 and 15? Is 2 a 
coiaaon factor? Since 15 is odd, 2 is not a factor of 15. Therefore, 
it is iaspoBsible for 2 to be a coaaon factor of 12 and 15. However, 12 
and 15 are both multiples of 3. Hence, 3 is a coaawn factor of 12 and 
15. 

Do the numbers 12 and 30 have any comoon factors? Writing the set 
of factors of 12 and 
the set of factors of 
30 as Bimm at the right^ 
we see that there are 
several common factors. 



Set of factors of 12 is (1,2,3,1^,6,12} 

Set of factors of 30 is (1,2,3,5,6,10,15,30) 



OSie numbers 1, 2, 3, and 6 are the common factors of 12 and 30. 

Do the numbers 10 and 21 have any common factors? Writing the set 
of factors of 10 and 
the set of factors of 
21 as shown at the right , 
w see that 10 and 21 
do not have may cfflanon 
factors other than 1, 



Set of factors of 10 is (1,2,5,10) 
Set of factors of 21 is (1,3,7,21) 
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So, \m see that for uy set of idiole niaben tbe suaben have the eoHon 
factor !• For soaie aeta idiole nunbsra there ia a eoBnon factor, other 
than 1, mxA, for aoae aets of vhole tmibeTs, there are several coomon factors 
other than I« 

Recogntging cosBdn factors la useful In aahy wys. You have already used 
the idea of cc m aon factors in changing fractloiis to lower terms* For exao^le, 

In changing ^ § y<^ coiaaon factor, 2, of 10 and IS. 

12 

For we ahmdd see that 2 is a canon factor of 12 and 30. The 

6 6 
result is However, we see that for ^ there is a cosiaon factor, 3^ of 

6 2 
6 and I5. IRius, » My he written as 

' ip 5 

12 2 

Is it possible to change ^ ^ using a single msnber instead of 

using 2 and 3 in turn? Some of you xnay have wondered why anyone would 

12 

choose to change ^ hy using both 2 and 3 when it would be isuch quicker 
to use 6m 

Is 6 a factor of both 12 and 30? Referring to the earlier listing 
of these factors, we see that 12 axid 30 have the ccocoon factors 1, 2, 3, 
and 6m How does 6 differ from the other coimon factors? It is the largest 
of the coonson factors of 12 and 30. Such a factor is called the "greatest 
cosmon factor". 

Definition s The greatest cociaen factor of two ^*ole nunibers is the 
largest whole nuxober which is a factor of each of them. 

Generally, the greatest coniaon factor is more useful in mathematics than 
other ccaaaon factors. Therefore, we are aost interested in the greatest 
comon factor* 

Let's try another example. Suppose we wish to find the greatest coniaon 
factor of 12 and I8. We could write the set of factors of each: 

Set of factors of 12 is {l|2,3A^6,12j 
Set of factors of 18 is {1,2,3,6,9,18} 

The set of cossaon factors of 12 and I8 is (1,2^3^6) • The largest member 
of the set is 6« Therefore, 6 is the greatest conaaon factor of 12 and 
18. 
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SialUrly, tuppoac wb viah to find the graitest coann factor of 2U and 
6o« Uritlng the factors of each: 

Set of factor* of 2k i» {1,2,3,^6,8,12,21*) 

!^t of factors of 60 is (l,2,3,U,5,6,10,12,l5,2O,30,60l 

laie iet of coBBsn factors is {1,2,3,4,6,12). The greatest of these factors is 
12. Iherefore, 12 is the greatest namon factor of 21* and 60. 



Exercises 10 

1. Write the set of all factors for each of the following. list these 
carefully as you will use these sets in answering Problem 2 helow. 

<«) 6 (c) 12 (e) 16 

(b) 8 (d) 15 (f) 21 

2. Using your answers in Problem 1 ahove, vrite the set of coaoaon factorB 
in each of the following cases. 

^•^ 6' 8 (c) 12, 15 ve) 12, 15, £1 

9» 12 (d) 6, 8, 12 (f) 8, 12, 16 

3. VW.te the set of all factors for each of the following. 

(*) 19 (c) 36 (e) 1*5 

(b) 28 (d) 1*0 (f) 72 

1*. Using your answers to Problems 1 and 3 above, write the set of coasaon 
factors for each of the following, 

(•) 19, 28 (c) 28, 1*0 (e) 1*0, 72 

(b) 16, 36 (d) 36, 1*5 (f) 19, 36, 1*5 

5. Using your answers to Problems 2 and k above, write the greatest conmion 
factor for each of the following cases. 

(a) 8, 12, 16 (c) 28, 1*0 (e) 1*0, 72 

16, 36 Cd) j6, 1*5 (f) 8, 12, 16, 36 

6. Find the greatest coasaon factor in each of the following oases. 



U) 


15, 


25 


(f) 


15, 


30, 


36 


(b) 


18, 


30 


(g) 


12, 


2k, 


1*8 


Cc) 


21*, 


36 


(h) 


1*0, 


1*8, 


72 


(d) 


25, 


'a 


(i) 


15, 


30, 


^5 


(e) 


32, 


1*8 


U) 


20, 


50, 


100 



30 



.7, 



7« («) UbAt is th« grwtett niiMi'in factor of 6 and 6t 

(b) What la the greateit eo«on factor of 29 and 29? 

(c) Miat is tlzs gTMteit cosnon factor of a ax^ a where a is 
aoy couatiog auBberf 

8* (a) Uhat ia the greatest eooBon factor of 1 and 6? ;^ 

(b) Ubat is tbe 9:^test t^mcn factor of 1 and 29t 

(c) Ubat is the greatest cobbou factor of 1 and a ^Aleve a 
represents aqy viu^le flUfll>ert 

9* Let a and b represent any tw different vtusle nua^ers vhei% a < b« 

(a) Will ft and b alMya have a cc»aaon factor? If so, vhat is the 
factor? 

(b) Let c represent a comon factor of a euad b« Can c « a? 
If so, give an e»u^>le. 

(c) Can c « b? If so, give an enmple. 

10* Suppose 1 is the greatest ccuaaon factor of three nuabers. 

(a) Must one of the three miaibers be a prise msaber? If not, write s 
set of three composite munbers whose greatest coiaaon factor is 1« 

(b) Can tvo of the numbers have a greatest cosscm factor larger than I? 
If so, give an exa&^le. 

11. In finding the greatest coooon factor for a set of muibers it is 
sometimes troublesome to write out all the factors. Try to find a 
shorter way of obtaining the greatest coaaoon factor. Assume that you 
are to find the greatest coaaaon factor of 36 and U5. 

(a) Write a coiaplete factorization of 36 and ^5. (List all of the 
prime factors of 36 and of 

Example; 36 2 • 2 • 3 • 3 • 3 - 2^ • 3^ 
45*?*?-? -?•? 

(b) What is the greatest consaon factor of 36 and 4^? 

(c) Compare the list of prime factors of 36 and ^5 and the greatest 
conoon factor of 36 and k^* Can you see a shorter way of 
obtaining the greatest cciaaon factor? 

12. (a) Write a complete factorization for 18 and for 90# 
(b) What is the greatest ccsnon factor of 18 and 90? 
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13. fketor ao«pl«t«2jr Mcb sitii>«r la th« folloviag *ad flfid the grMtctt 
factor for MCb Mt of maibcrc. 



(•) (2l*,60) * (f) {1*S,X05,1U7) 

{!») (36,901 «. (g) {165,231*} 

(c) £72,106} # (h) (306,1173) 

(4) {25,75,125 J # (1) (201*0,2184) 

(e) (24,60,81*) 

UlU. (a) Ubat is tim grMtcst ctncn factor of 0 and 6t 

(b) Ubat ic tha onllaft coaaon factor of 0 and 6f 

(c) Hbat is the snlleat ffflttnon tmctor for aqy tvo vfaole suabers? 

You hsve lemmed mhaat operations vlth whole x&mbers: mddltloni stlb- 
tmctloB, wItlplicatioB, aiul divlsiona In this section ve studied the 
operstion of finding the greatest coaaun factor • This is soiaetliMs 
abbreviated O.C»F* For this problea only, let \is use the syaOK)! "A" 
for the operation G«C*F* For any vtole nua&ers, a and b and c, 

a A b GaC«Fa for a axid b 
or a A c » OaC.Fa for a and c 

Bxaaple: 12 A l8 - 6 

9 A 15 - 3 

(a) Is the set of whole nua&ers closed tmder the opexvtion A? 

(b) Is the operation A c«a»utativej that is, does a A b « b A a? 

(c) * Is the operation A associative; that is, does 

a A (b A c) « (a A b) A c? 



lla Reaainders in Division 

Another way to find the gx^ateit ccesaon factor is to make use of a 
relationship among the parts of a division problema To understand this method^ 
let us review the division process* 

Ttm qiuestioo, •'llbat is the resiat of dividing l6 by 5?**, may be stated^ 

♦•Hov aaqy 5'» we contained in l6t" l6 
We can find the answer by repeated 

subtraction iss showti at the right • Biy -5 • 

counting the aober of tiaes a 5 is ^ 

subtracted^ we obtain the answer, 3 , with a 1 
reaaifider^ 1» Sdes 16 » (5 4 ^ 4- ^) ^ 11 
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1!h« uwal wiy of finding tte aiiAwr to this diviaioa j^Vlwm is sboim 

To check tile anaver we tbe folloviog idea: 

16 - (5 X 3) ♦ I. 

In the divialoa proxies above, the I6 la called the dividend , the 3 
if tlje divisor , the 3 is the quotient , and the 1 la the reaalntor . 

I«t'8 try aiKJther exaa^le. Divide 253 by 25. 

10 Rrajalnder 3 
255^3" 

3 

Does 253 • {25 X 10) + 3f 

In general, for any division prohlea; 

dividend i (divisor x quotient) -f resminder 

Using natheaatical synbols, where 

"a" repreaents the dividend, 

"b" represents the divls.n, 

"q" represents the quotient, 

"R" represents the reaalndter. 

Thia division relation say be expresaed aa follows: 

a - (b • q) ♦ R 

Conaider the following example in division: 

3k Reaainder 23 
257523 

123 
100 

We can write thia problea in the form 

623 - (25 X 2U) + 23, 
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Of 



'SLs9 foUoM the sratnl forms 

dividend • (divisor x guotieat) * rmmio&ex 

or 

« - (iJ • q) + R 



.-as 

• s 

♦ 

i 



SxercUeg U 

U Copy And oomaete thm foUovlog table, 
uie the table la «aaverlja£ Wrc^lm 2. 



Do thle emrefuU}; mm you will 





DIVIlXaiD « (QlVlSCIt • QUOTIEST) -t- R£lCAIIiI£H 


EXAMP££ 


9 






1 


a. 


12 


6 


? 


0 


X), 


Ik 


3 


? 


? 


c. 


29 


? 


3 


2 


d. 


37 


5 


f 




e. 


38 


9 


? 


f 


f. 


41 


13 


? 




g* 


59 


? 


5 


9 


h. 


? 


11 


6 


0 


i. 


77 


? 


3 


17 


J. 


81 


? 


? 


0 



2. Use the tatle la Problem 1 in anaweriag parts «, b, and c. 

(a) CoBpare the divisor and quotient in each part. Does one of these 
alvays have the greater value in a division problem? 

(b) Coopare the quotient and dividend. Which one has the greater vmlue 
if the dividend and divisor are both counting muoberfi? 

(c) Gaspare the divisor and the remainder. Which one always has the 
greater value in a division problem? 

(d) Can the dividend be lerof If so, give an exaaqjle. 

(e) Can the divisor be sero? If so, give exai^le. 
if) Can the quotient be zero? If so, give an exaogjle, 
(g) Can the reaainder be zero? If so, give an exangjie. 



3k 
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3« U«lisg the talkie in Ftoblcm 1, anflver the foUoviag queitioiu* 

{a) Can any vhole nusber appear as a dividesid? If DOt^ give an exasple. 

(b) Can any whole muaber appear aa a dliriaorT If not, give an example. 

(c) Can any ^^le number appear as a quotient? If not, give an exas^)le« 

(d) Muat the reiaainder always be some vhole nuiaber? Explain. 

« 

Copy and complete the follcving table for the division relation. 

a « (b • q) + B 





a 


b 


q 


R 


a. 




? 


7 


? 


b. 


f 


10 


9 


8 


c. 


50 


12 


? 


? 


d. 


100 


1 


? 


0 


e. 


233 


17 


? 


? 


f. 


630 


? 


25 


5 



^. lining the table above answer the following. 

(a) Can R be greater than b? If so, give an example. 

(b) Can q be greater than b? If so, give an exagple^ 

(c) Can R be greater than the qiiotlent, q? If bo, give an exaitiple. 

(d) Can any whole number be a possible value of b? f^lain. 

(e) Can any counting nuiober be a possible value of b? Explain. 
if) Can any whole number be a possible value of a? Explain. 

^ • Using the division reiationi a = (b • q) -4- where R < b, answer 
the following* 

(a) If b = write the set of all possible remainders. 

(b) If b K 11, describe the set of all possible reiMinders. 
(e) If all the possible remainders in a division problem are the 

v^le numberc less than 25, vAat is b? 
(d) If » K, which one of the following represents the number of all 
possible remainders? 

(K), (K f 1), or (K - 1) 
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By UMioa tbm diTlsicm rdatloa w have a aetiu^ for flnAlng the greatest 
factor of t%o xmatmn. 



Enaiple A: Pix^ the grtateit conoa factor of 12 and 8« 

(1) First ^ divide the larger nxuaber by the smller: 
IS divided t>y 8 « Ij Reminder k 

(2) Seeondi divide the divisor, 6, by the rexaalndery kt 
8 divided by U » 2; Rs&aicder 0 

(3) The U is the last divisor iised which gives a reoslnder of 
0* Tbe greatest ecunm factor of 8 and 12 

Ebcaxsple B: Find ttie greatest ccsbk)d factor of 35 and 

(1) First, divide the larger number, by the ssaller 
number, 3?* 

1 Renalxuler 21 

35 

21 

(2) Second, divide the divisor, 35, by the remainder, 21. 

1 Remainder Ik 

21 W 

21 

T5 

(3) Next, continue dividing the last divisor by the last 
remainder uxstll the rooalnder is 0« 

1 Reminder ? 2 Remainder 0 

14 
7 

The last divisor used Is the greatest coao^n factor* 
The 7 is the greatest coiisnon factor of 35 and 56. 
Note that lAen lU is divided by 7, the remainder is 0. 
The 7 is the last divisor used. 

Using the above meti^d, find the greatest comicon factor for each of the 
following pairs of numbers* 

(a) 32 and 92 4f (d) I2k and 836 

(b) 81 and 192 * (e) 336 and 8l2 

(c) 72 and 150 # (f) 1207 and 13^9 




I2« Leaat Comon Multiple 

Ypu have alreadty learned a great deal about multiples of numbers: 

that all vtiole musbers are multiples of 1; 

that ever mimbers (0,2,4,6, .) are multiples of 2; 

that {0,3,6,9,...) are multiples of 3* 

Similarly, ve can list the multiples of any counting number* 

The number 2 is an even number, and the number 3 is an odd nunfl^er. 
Usually ve do not think of such numbers as having much in cooiaon. Yet, if ve 
look at the set of aailtiples of 2 and the set of sailtiples of 3, ve see 
that they do have scathing in eoaaoon. Some of the multiples of 2 are also 
laultiples of 3« For example, 6 is a miltiple .of both 2 and 3. There 
are many such numbers divisible by both 2 and 3* The set of these numbers 
is vritten as follows; 

[6,12,l8,2i^,30, ...J 

Definition ; Nuxzibers which are multiples of xi^re than one niunber are 
called common multiples of ttose nunibers. "Oossoon" means belonging to 
more than one. Thus, 6 and 12 are common multiples of 2 and 3* 

Let's try another example. List the cossoon multiples of 3 and 
First, we list the multiples of each: 

Set of multiples of 3: {0,3, 6,9,12,15, l8,21, 2i^, .) 
Set of multiples of kt {0,l+,8,12,l6,20,2i^, . . .] 

The numbers that these sets have in common are the coimron multiples of 
3 and ^. This set is vritten as follows: 

(0,12,2^1,36,1^,.. 0 

Ooffln»n multiples are very useful in arithmetic. For example, let us 

add I *^ write i as | and i as |. Then | f = ^ g ^ « |» 

Her«» we use a conaaon multiple of 2 and 3» In ooing such pTOblems, you m^y 
have called the 6 a "common demxainator" . It is a cMoion multiple of the 
denominators of the given fractions. 

Since 6, 1?, l8, and so on, are zmiltiples of 2 and 3, we can use 

any of these numbers in adding ^ '♦^ -j* Notice that the nuB±ier, 6, ^Aich ve 

did use is the smallest of those possible. It is also the smallest of the 
cooBion multiples of 2 and 3. The number, 6, is called the least common 
sailtiple of 2 and 3* 
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Definition; The least caamon loultiple of a set of «>iinting numbers is 
the smllest counting nuaiber which is a multiple of each mester of the set 
of given numbers. 

Suppose ve wish to find the least coaanon amltiple of 12 and l8. First, 
we list the sets of multiples of each: 

« 

Set of Multiples of 12: {0,12,2^,36,48,60,72,84, .. .1 
Set of Multiples of l8: {0,18,36,5^^,72,,..) 

The set of coaaon mltlplee of 12 and l8 is {0,36,72,108, ...1. 
ae amaUest counting nmuber in this set is 36. Therefore, 36 is the least 
cooDon multiple of 12 and 18. 

What is the least comoon multiple of 2, 3, and 4? 

Set of Multiples of 2: {0,2,4,6,8,10,12,...) 
Set of Multiples of 3: {0,3,6,9,12,15,...) 
Set of Multiples of k: {0,4,8,12,16,20,...} 

•Hie set of common multiples of 2, 3, and k U: {0,12,21^,36,...). what 
is the smallest counting number in this set? According to our definition, 
the least common multiple of 2, 3, and k is 12. 



Exercises 12 

1. Write the set of all multiples less than 100 for each of the following. 

(a) 6 

(b) 8 

(c) 9 

(d) 12 

2. Using your answers in Problem 1, write the set of all common multiples 
less than 100 for each of the following. 

(a) 6 and 8 (d) 8 and 9' 

(b) 6 and 9 (e) 8 and 12 

(c) 6 and 12 (f) 9 and 12 

3. Using your answers in Problem 2, write the least common saatiple of the 
elements of each of the following sets. 



(a) 


6 


and 


a 


(d) 


8 


and 


9 


(b) 


6 


and 


9 


(e) 


8 


and 


12 


(c) 


6 


and 


12 


(f) 


9 


and 


12 
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Find the iMst comon sftiltiple of the elaaents of each of the follovlng 

sets. 

U) (2,5) (e) i9,%6) 

(t>) (M) (f) [h,^,6] 

(c) {2,3,5} (g) {2,6,71 

(d) (3,^6} (h) {8,9,12} 

Find the least consaon nsultiple of the elements of the follovixig sets. 

U) (2,3) (g) {2,13) 

(t) {3,5} (h) {7,11} 

(c) {3,7} (i) {3,13) 

(^) (5,7) (i) {11,13} 

(e) {2,11} {k) {2,3,5} 

(f) {5,11} (1) {23,29} 

Refer to Problem 5 and answer the following questions, 

{a) To which set do the nusSbers 2, 3, 5, 7, 11, 13, 23, and 29 
belong — the set of CM^JOsite numbers or pirime numbers? 

(b) From your answers in Problem 5, vhat appears to be an easy way to 
find the least common multiple in those cases? 

Find the least common multip le for each of the following sets. 

(a) ik,6] if) {10,12} 

M {^,8} (g) {12,15} 

(c) {U,10} (h) [k,6,10] 

U) C6,9} (i) {10,15,30} 

(e) {8,10} (J) {1^,6,8) 

In Probl^ 7, to which set of numbers, con^site or prime, do each of 

the manbers, 4, 6, 8, in parts (a) through {^) belong? 

COTipare the questions and your answers in Problems 7 and 8. Then answer 
the following. 

(a) If c and d are composite counting numbers, can c or d be 

the least common multiple? Write an example to explain your answer. 

(b) If c and d are cocg>osite coimting numbers, must c or d be 
the least common multiple? Write an example illustrating your 
answer. 
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10. (a) What U the least coaiK>n auitiple of 6 and 6? 

(b) What is the leaat cmmnn nailtiple of 29 and 29? 

(c) What is the least mmnmn nultiple of a and a where a is any 
counting nus^ber? 

11 • (a) What is the least coisaon aaatiple of 1 and 6? 

(b) What is the least coasaon nailtiple of 1 and 29? 

(c) What is the least ccsamon miltiple of 1 and a where a 
repjresents any counting number? 

12. (a) If a and b are different pride numbers^ can a or b represent 
the least ccmsaon multiple of a and b? 
(b) If a and b are different priiae nmabers,hov can we represent the 
least common multiple of a and b? 
♦ (c) If a, b, and c are different prime numbers, what is the least 
cocanon multiple of a, b, and c? 

13 • Study the following examples. Try to discover a shorter way to determine 
the least common multiple • 

Example A: To find the least cormon icultiple of h, 6, and 8: 

(1) First, write a complete factorisation for each nuaiber. 

(2) The least coBmon multiple is 2-^ • 3 or 24. 

(i) Note that 2 • 2 » 3 * 2^ ^ 192, which is a common multiple of 
6, and 8, but not the least. 

Example B: To find the least common multiple of 12 ^d 18 1 

(1) A complete factorization for each number: 

12 - 2^ • 3 18 ^ 2 • 3^ 

(2) The least common multiple of 12 and I8 is 2^- 3^ or 36. 

2 2 

(3) Is (2 • 3 • 2 • 3 ) a common multiple of 12 and I8? 

2 ^ 

(4) Is (2 '3' 2* 3'') the least common multiple of 12 and l8? 
Kow find the least coasoon multiple of each set in the folloving parts. 
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(•) 12, 16 (h) 8, 9, 10 

(b) 11^, 16 (i) 12, 20, 22 
% 15 (j) % 16, 20 

(d) 10, Ik *(k) 250, 200 

(e) 16, 18 ♦{!) 324, IH, l8o 

(f) 5, 6 aim) 306, 1173 

(g) .6, 8, 9 

»li*. (a) Is there a greatest cosBaoa itsultiple of 3 and 5? If so, write an 
exasiple* 

(t)) Is there a greatest cofflmon siultiple of U and 6? If so, write an 
example. 

(c) Is there a greatest common multiple of any set of counting numbers? 

♦15. (a) May ve consider 0 as a multiple of zero? (Does 0X0= 0?) 

(b) May we consider 0 as a multiple of six? (Does 6x0 = 0?) 

(c) May we consider 0 as a multiple of a, if a is any whole number? 

(d) Assume the least cossaon multiple was defined as "the snallest whole 
number" instead of "the smallest counting nuuter"* What woiad he 
the least common multiple for any set of counting numbers? 

(e) Using the correct definition for least common multiple, is there a 
least c omm on multiple for any counting number and 0? 



13. Sub-sets of Whole IJumbers 

In this booklet you have studied whole numbers for the most jmrt. Aleo, 
you have studied sOTe important subsets of whole nusibers. These subsets are 
shown in the sketch below; 



WHOLE NUMBERS 



COUKTIKG NUMBERS 



ZERO 




ONE 





PRIME NUMBEEIS 



COMPOSITE KUMBEHS 



Kote that zero is a aieaber of the set of whole nundJers, hut not 
a jneaber of the set of counting nuiabere. The ONE, the PRIME 
NUMBERS, and the COMPOSITE NUMBERS are members of the set of 
COUNTING NIKBERS and also members of the set of WHOLE NUMBERS. 
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Every aeiab«r of the set of counting ntaaberB is a aeaber of 
the set of whole nusabers. 

You learned that a PRIME auinber is any counting number other than 1 
that is divisible oaly by itself and 1. The number 1 is not a prime number. 
We chose not to include 1 as a prime number because any number can be 
expressed as the product of primes in many different ways if we include 1 in 
the set of prime numbers. 

A CCMPOSITE number is a counting number, other than 1, that is not 
prime. Composite numbers have more than two factors. 

The term "factor" was used instead of the words multiplicand and 
multiplier. The number, a, is a FACTOR of b if b is divisible by a. 
The set of factors of a number contains all counting numbers which are factors. 
A CCMPLETE FACTORIZATION of a nUBlber r-pres»nts the number as a product of 
prime aunbere. For a prime number this is whe' number itself. For a composite 
number there are three or more factors. The UNIQUE FACTORIZATION PROPERTY of 
counting numbers refers to the fact that every composite number can be expressed 
as the product of primes in only one way, except for order. 

A COMMON FACTOR of a set of whole numbers is a number that is a factor 
of each meniber of the- set of numbers. The GREAIEST CCfrMON FACTffi? of a set 
of whole numbers is the largest counting number which is a factor of each 
member of the set of numbers. A common factor can never be greater than the 
largest member of the set. 

The whcie number, b, is a MULTIPLE of the whole number, a, if a • c = b, 
where c is also a whole number. A CCmm IflJI/nPLE of a set of numbers is a 
multiple of each meniber of the set of numbers. The LEAST COMMON MULTIPLE is 
the smallest counting number which is a raultiplr; of every member of the set 
of numbers. The least common multiple cannot be less than the largest member 
of the set of numbers. 



Exercises Ij 

Find the greatest common facjtor of the numbers in each of the following 
sets of mambers . 



(a) 


(2,3) 


(e) 


(15,36) 




(i) 


(39,51) 


(b) 


(6,8) 


(f) 


(15,21] 


* 


(J) 


Uk,lk6] 


(c) 




• (6) 


(23,^3) 




(k) 


(^5,72,252) 


(d) 


115,25} 


(h) 


(66,78) 




(1) 
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2. Find the least coaaoa sailtiple of the nunbers in each of the sets of 
GUfflbers in parts (a) through (l) in Problea l. 

3» (a) Find the product of the meabers of each set of numbere in Problem 1. 

(b) Find the product of the greatest conmion factor and the least cc»saon 
multiple for each set of number* in Problem 1. (Refer to your 
answers for Problem 1 and Problem 2.) 

(c) Hov do your answers for (a) and (b) coagjare? 

4. (a) Write the set of all con5)Osite numbers less than 3I. 
(b) Write the set of all prime nunajers less than 51, 

5. Let a and h represent two counting numbers. Suppose that the greatest 
common factor of a and b is 1, 

(a) What is the least common multiple of a and b? Give an example 
to explain your answer. 

(b) Would your ansWr for part (a) be true if you started with three 
counting numbers a, b, and c? (Remember, the greatest common 
factor is !•) Give an exan5)lie to explain your answer. 

6. (a) Can a prime number be even? Give an example to explain your answer. 

(b) Can a prime number be odd? Give an example to explain your answer. 

(c) Hov many prime numbers end with the digit 5? 

(d) With the exception of two prime numbers, all primes end with one of 
four digitc. Write the two primes ^rtiich are exceptions, 

(e) Write the other four digits which occur in the ones* place for ell 
primes other than the exceptions you found in part (d). 

7. Suppose the greatest comsaon factor of two numbers is the same as their 
least common multiple. What must be true abo\rt the numbers? Give 
examples to explain your answer. 

8. (a) What is the least common factor of 286? and 61^31? 

(b) What is the greatest common multiple of 286? and 6^31? 

9. U2 tulip bulbs are to b^ planted in a garden. Describe all possible 
arrangements of the biabs if they are to be planted in straight rows 
with an equal number of bulbs per row. 
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TwQ ImUs mrt i«t to tiuit their tiiM Intervml for ftrlisliig is dlffextmt. 
AsfUM that^ At the ^e^smln^ both of tim bells atrlke ht the MUie tlse* 

(ft) (km bmlX ctrikfis mrmry three siiftitet azid the aecond itrikes every 
fire almtes. If both bella strike together at I2s00 noon^ 
when vlll they again strike together? 

(b) Qoe beU strikes evexy six mimtes and the second beU every fifteen 
minutes. If both strike at 12;00 noon, when will they again 
strike together? 

(c) Find the least ccooon floiltiple of 3 and and of 6 and 
How do these answers cospare with parts (a) and (b)? 

(a) Can the greatest coaaon factor of some whole numbers ever be the 
same number as the least coasaon z&ultiple of those nusibers? 
If so, give an example. 

(b) Can the greatest comion factor of some whole numbers ever be greater 
than the least common multiple of those numbers? If so, give an 
example. 

(c) Can the least common smxltiple for some ^^le numbers ever be less 
than the greatest common factor of those whole numbers? If so, give 
an example. 

(a) Is it possible to have exactly four composite numbers between two 
consecutive primes? If so, give an example. 

(b) Is it possible to have exactly five consecutive composite miaibers 
between tvo consecutive primes? If so, give an example. 

Given the numbers I35, 222, 783, and 10^^ without dividing, 
answer the following questions. !Uien check your answers by dividing. 

(a) Which xjumbers are divisible by 3? 

(b) Which numbers are divisible by 6? 

(c) Which nun4)ers are divisible by 9? 

(d) Which nuinbers are divisible by ^? 

(e) Which numbers are divisible by I5? 

(f ) Which numbers are divisible by hi 

Why is it ic^^ortant to learn about prime numbers? 

BRAINBUSTES. Ten tulip bulbs are to be planted so that there will be 
exactly five rows with fotir bulbs in each row. Draw a diagram of this 
an%u3gement# 



So 



l6m BRAIHBUSTER. Do you think there ie m Imrgett prise ouaber? Can you find 
it or can you give a reason why you think there is no greatest one? 



1^*. RobinGon^s Results 

We are going to report to you on results published by Professor Raphael 
M. Robinson, or tne University of Callfomia at Berkeley, in the October, I958, 
issue of the ^t^ceedings of the Aaerican Itethetaatical Society**. T^xis will 
give you Gox&e idea of bow res^rch xaathesaticians are applying high-speed 
computers to solve problems about primes. 

Robinson^ s note is based on caloxlations carried out during 19^ and 19^7 
on the SWAC (Standards Western Automatic Computer) at the University of 
California at Los Angeles. 

To obtain an idea of the meaning of this vfork, let us think for a 

moment about the problem of finding out Aether a given nus&be:^ is a prime. 

According to the definition of a prime, ve must find out whether n is 

divisible by come smaller number other than 1. The most obvious method is 

to divide n by the numbers, 2, 3, up to n - 1. If any of these 

numbers divide evenly into n, then n is not a priiste* If m)ne of these 

diviiiions comt' out evenly, then n is a prime. This method requires n - 2 

100 

divisions. If n is about 10 , and if each division requires .001 of 

97 

a second, then this vould take about 10 seconds. How many seconds are 
there in a year? About how many years would this take? 

We could shorten the work very much if we think a little. If n is not 
a prime, then n can be expressed as a product of two smaller numbers; 

n « a • b. 

2 

If a ir. the cmaller of these factors, then n is at least a • a « a . 

n ^ a . 

Therefore, if n is not a prime, then it is divisible by so©e numbei; a, ^se 
cquare is, at most, n. To test whether n is a prime, it is enough to divide 
a by the numbers, 2, 3, up to the largest nusier whose square is no 

larger than n. If n ^ 1,000,000, then we do not have to try any divisors 
greater than 1,000, since 1,000^ ^ 1,000,000. Thus to see whether 999,997 
is a prime, we only need to divide by 2, 3, 999. By this method we 

only need 99^ divisions instead of 999,99^ divisions in the previous 
method. 
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If n ti about 10 ^ten thl» aietl^d requites only about ICp^ 

dlvlaloM, for 10^® • i(P^ m 10^^. If each diviatoa takes .001 of a 
aecoad, hov smu^ yeara wad it take by thie aethod to test whether n a 
prlseT 

If we wish to test really large nuaabers, we oust look for better methods 
so that we can obtain the answers in a reasonable tiffle* llierefore, 
oath^atl clans try to find special classes of numbers which have special 
properties which enable us to reduce the work even oore. 

For example, a great deal of work has been done on muabers which are 
one less than a power of 2, We may represent such numbers in th*» form 

m 

n ^ 2 . 1. 

p 

If m ^ 2, thea n*2 - l»4.i:=:3, which is a prime. If m 
then n«2 - I-:16-1k 15, which is not a prime. If m is not a 
prime^ then n cannot be a prime. But m may be a prime without n being 
a prlme« 

Exercises Ih 

1. Make a table for n * 2® - 1, up to m ^ 20. 







2 


3 


k 


5 


6 


7 


BJ 9 


10 


11 


12 


li 


II4-2O 






3 


7 


15 


31 






1 













2. Test the otatements: 

(a) If m is divisible by ?, then n is divisible by 3. 

{b) If m is divisible by 3, then n is divisible by 7. 

(c) If m is divisible by 5, then n is divisible by 3I. 

(d) What is the general law? 
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Robinson reports on mialsers which are one sore than a Bmll mltiple of 
• power of 2, that in, auxaberB of the fom 

n « (k* 2°^) + 1, 

where k Is a saaXl odd musber* 

He and his group tested for prineness all numbers of this form with 
k < 100 and m < 512, as well as a few larger numbers • First they divided 
by all numbers less than 10,000; and for k £ 7 they tried divisors up to 
100,000. After eliminating aU small factors in thii way, they then applied 
a theorem stated by Proth in IQJQ. Let us see if we cannot get scs&e idea of 
what Proth' 0 theorem s^ys and hov it is used without trying to examine all 
of the details. 

Proth'a theorem gives a method of testing nund)ers of the form 
n = (k* 2^) + 1 for prtmeness, provided the coimting number, k, is odd 
and less than 2^. We can avoid much of the complication of the statement of 
Proth^s theorem if we restrict ourselves to the case ^ere k is not divisible 
by 3. Thus we may use 

k - 1, 5, 7, 11, 13, 17, 
m « 1, 2, 3, ^, 5, 6, 7, 

and ve are able to test the nximbers n ^ (k* 2^) + 1 for primeness. For these 
mimber% n, Proth* s theorem states that: 

n i£ prime if , and only if, it is a factor of 

n-1 • 

Doee this look aysterious to you? It is likely that it does, because 
you are not a mathematician* It would very probably look a bit mysterious 
even to a mathematician if he didn't hapiien to be familiar with the special 
tccbniqucG which are needed for a proof of this particiaar theorem. If you 
%riH accept, however, our word that it is a true theorem (and a great many 
very respectable mathematicians will testify to its being true) then it should 
not be hard to see what it says and hov it is used* 
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In the first place, v^t docB 3 
being u«ed u mn exponent. a!he number, 



^ 1 oean? The expression ^ is 

n, ve are using here is odd, (Why? 
n-l 



What is the fona of n?) Thxxs n-l is even, so that ^= is a coxinting 
n^l 

nuffliber. Thus^ 3 1 is Just one c»re than 3 mised to a counting number 
power. TO test n for priaeness^ we need only find this: number and then 
divide it by n. If this division ccsaos out even^then n is a prlaej other- 
wise n is a cotnposite. 

What nuBbers can ve test for primeneso by this method? Let us list a few 

of them in a table and then apply the test to some of them. Fill in the 

blank spaces in the table below. RememLer that Froth's theorem requires that 
xn 

0 < k < 2 , and that we have restricted ourselves to numbers, K, which are 
not divisible by 3, 



k 


m 


a = (k ■ 2°^) +1 


1 


1 


3 


1 


2 


5 


1 


3 


9 


5 


3 




7 


3 


57 


1 


k 






k 


81 


7 


k 


113 


11 


k 




13 


k 


209 


1 


5 


33 



k 


m 


n « (k. 2"") -t- 1 


5 


5 


161 


7 


5 


225 


11 


5 




1 




65 




6 


321 




5 


i*17 




5 


5U5 






2,817 






17,^*09 


17 




2,177 




10 


7,169 






10,2U 



Kow lot us Bee how the test works for a fev of these niuniers. To 
refresh our oejaories we restate it here: 

If n ^ (k • 2°*) 1 where 0 < k < 2° and k la not divisible by 3, 
then n is priae if^ and only if, it ie a factor of 

n-l 

'6' .1. 
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Exafflple I: Let k » I end m » 2 so that n •> 5. (Look it up in the 

n*l k 

tftble.) V- are testing 5 for primeness- In this case, is - or 2, 

Is n a factor of 3^ +1? Is 5, a factor of 10? Yes, it is, so the 
test tells us that ^ is a prime. Does this check with \ih&t you already 
know? 

Exaiaple 2: Let k « 1 and m 3 so that n « 9, (Look it up.) We 

divide , 

n*l 



I ^ 1 ^ ^ 1 ^ Ql ^ 1 ^ 32 

by 9- The division does not come out even, so the test tells us that 9 is 
not a prime. Does this check \d.th what you already know about 9? 

Example 3: If k 1 and ^ 6^ then ^Aiat ?wS n? The table should 

n^l 

tell you that n 65. If it does not, work it out again. is 32, so 

n-1 

3^ +1=3^^+1= 1,853,020,188,851,842. 

We would have to divide this munber by 65 to continue the test. It would 
not be worth the effort, however, since we can easily recognize that 65 has 
5 as a factor, and is therefore not a prime. 

Example l^: Let k - 7 and m = k so that n = (k • 2^) + 1 = 113* 

n-1 

In this caG€^ the number 3 ^ + 1 = 3^^ + 1^ is 9 times the s quare of 
1,853,020,188,851,81^^2^ 1. If you are ambitious, you may calculate 
this number and divide it by n - II3. The division will come out even if 
you do your work correctly, so what do you conclude about II3? 

Examples i and h should convince ua of one thing ♦ Froth's theorem is not 
well suited for testing large numbers for prlmeness by hand calculation. 
Large computers, however, are constructed expressly to make calculations of 
the order of the ones which discouraged us above. And they do thon quickly! 

Cto the SVSIC the time for the test was no more than li minutes as long as 
m < 512 • For m about 1000 and k = 3, 5, or 7 the test took about 

h9 



ERIC 



5f; 



T alnuteB. The miUber o - (7 • 2^°^) ♦ I, ia larger than 10^°°. 
Oo^are 7 ainutes with the ti» it wtmld take the Mchitie to teat 10^°*^ 
for prlaenesB by trying aU poeaible factors. Etolier in this section you 
got foae idea of this tiae for nusbers of the order of 10^^. 

For k - 1, the test had previously heen carried out for all m < 8192, 
and the only primes of this form vhich have been found are the cases: 

m - 0, 1, 2, k, 8, and 16. 

The largest new prime discovered by this work is the case k = 5, 
B - 19^*71 

n-(5.2^9U7j,,^ 

If you wish to estimate this oujaber, first aotice that 

10^ = 1000 < 2^° =: 102lf. 

Therefore , ve have 

,1947 > ,19^ ^ ^310^194 > ^,,3)19U ^^82^ 

Therefore, n has oore than 582 digits. On the other hand, notice that 

2^3 = 8096 < 10^. 

Therefore , we have 

n < 1 + (8 . 2^94"^) = 1 M23 .2^9^75 ^ ^ ^ 3I95O 

= 1 ^ (2^3)150 ^ ^ ^ ^^^1.^150 

« 1 . 10^°°. 
Consequently, n has no ©ore than 600 digits. 

Reaeober that hy using the theorem of Proth, this prime was discovered 
by a single division taking a matter of minutes. By using either of the 
crttder methods discussed before^ at least 10^^^ divisions would have heen 
necessary. How long wo\ild this have taken at the rate of a thousand 
divisionf per second? 

This number is the fourth largest prime kiK?wn at present. The larger 
ones are the numbers 

n « ^ - 1 

with m m 3217, 2281, and 2203 . The latter t wre reported by Robinson 
In the '?»roceedings of the American Mathematical ::ociety'' in I954, TSie largest 
one MB reported early in 1958 by H» Riesel in Mathematical Tables and Aids 
to torgutation (page 60). 



50 



ERiC h 



Exmgple J: Eetiaate the naniber of digits in each of three prtoses* 

Pcrhmpe you woiild he interested in the ^xieral statement of Froth's 
theorem* For nuaibers n « (k • 2°*) + 1 with k di visible by 3, the iagsortant 

difference in the test for primeness is that the number, 3 ^ +1, must be 
replaced by a new nuinber. The nuaber to xise is of the form 

n-1 
a ^ + 1 

where a is a counting nusflber which may have to be chosen differently for 
different values of k and m. The condition which a must satisfy will be 
found in the statement of Proth*s theorem. 

Theorem ; Let 0 < k < 2^ and n (k • 2°^) + Suppose a is a 

coimting nuiifi)er which has the property: no sum of a and a multiple of n 

is a perfect square, (Alternative: the sum of a and a multiple of n is 
never a perfect squere.) 

Then n ic a prime if, and only if, it is a factor of 

n-1 
a ^ + 1. 

The condition which a must satisfy is rather a strange one. It would 
seem that it might be difficult to find a number which satisfies it in some 
cases. We could never find such a nuiaber by any number of trial opeMtions, 
for the condition which a must satisfy involves a statement about all 
multiples of n. We may reject Bome choices of a on the basis of a single 
calctAlation, though • If k = 3, and m =^ 2 so that n = 3 • 2^ + 1 = 13^ 
then would a = 4 do? No, because 11? + a = 11? + U 121 is a perfect 
sq^xare, and 117 is a multiple of n =^ 13, To find a nianber^ a^ vhidh we 
can be sure will fit the condition for a given n, then, we will have to use 
reasoning s We will have to reason that, for a certain number, a, no matter 
how taqy multiples of n we try, adding a will never give a perfect square # 
Mathematicians know enough about numbers so that finding such a number is 
not a vexy diffictat problem. As you nay have guessed from the discussion 
above, it is possible to show that ;Aenever k is not divisible by 3, the 
number a « 3 satisfies the condition of the theory. Once we have found 
the right number^ a, to go with n, we can avoid the many tedioizs calct^lations 
necessary to test a large nucfcer for primenesst Instead of dividing n by 
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ill prlae nuaibers vboae squares are less than n, we need only perf om one 
calculation. Ve sisply try tte division 

n-I 

(a ^ + 1) + n; 

if It cones out eyei^ n is a prinaj, if not, n is not a prime. 
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